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Summary
In quality monitoring, Shewhart, cumulative sum and exponentially weighted
moving average control charts are commonly used to monitor the process
mean and variance but the mean and variance charts are plotted and eval-
uated using two separate charts. Gan (1997) emphasized the importance
of jointly monitoring the mean and variance and further noted that process
monitoring is really a bivariate problem, which should not be dealt with as
two separate univariate problems. Subsequently a few combined monitoring
schemes were proposed. This thesis seeks to explore joint monitoring schemes
and for that purpose three new joint monitoring schemes are proposed.
In this thesis the importance of joint monitoring schemes and the cur-
rently available joint monitoring schemes are discussed. Following this, three
new joint monitoring schemes are derived and the design procedures of these
schemes are explained by applying this charting schemes to some simulated
iii
and real data sets. Finally these schemes are compared with various available
joint monitoring schemes based on their ARL Profiles.
My contribution to this thesis are as follows:
1. I derived three new joint monitoring schemes.
2. I computed the optimal design parameters for each scheme for dif-
ferent shifts in mean and variance to be detected quickly given the
in-control ARL.
3. The various computer programs are written in order to find the opti-
mum parameters of the proposed schemes.
4. The step-by-step guidelines for implementing the new joint monitoring
schemes.




Shewhart (1939) first proposed his quality control chart based on sample
means. Since then statistical process control has become an essential tool
in quality monitoring. Figure 1.1 shows a typical Shewhart X¯ chart. If all
the sample means fall between the upper and lower control limits (UCL and
LCL) and no systematic behavior is observed then the process is deemed
to be in-control otherwise the process could be out-of-control and a signal
is issued. The control limits are usually determined based on the average
run length (ARL) consideration. The ARL is the average number of samples














































































Figure 1.1. A typical Shewhart X¯ Chart
Page (1954) proposed the cumulative sum (CUSUM) chart, which makes
use of past information as well as current information. This CUSUM chart is
more sensitive in detecting small shifts in a quality characteristic but it is not
as sensitive as the Shewhart chart for detecting large shifts. The Shewhart
chart is actually a special case of CUSUM chart. Roberts (1959) proposed
the exponentially weighted moving average (EWMA) chart, which makes use
of moving average of sample means with the weight decreasing exponentially
to the past. Like the CUSUM chart, the EWMA chart is also more sensitive
in detecting small shifts and less sensitive in detecting large shifts.
The Shewhart, CUSUM and EWMA charts are popular quality control
tools in industries. Even though the CUSUM and EWMA charts have proven
superior run length properties over the Shewhart chart, the Shewhart chart is
2
CHAPTER 1: INTRODUCTION
still preferred by many practitioners because of its simplicity. Traditionally,
the process mean and variance are monitored separately. Gan (1997) empha-
sized that process monitoring is really a bivariate problem, which should not
be dealt with as two separate univariate problems, because doing so might
deceive quality control engineers into making incorrect inferences.
However, the mean and variance charts can be combined to enable joint
monitoring of the mean and variance. For instance, we can combine the
Shewhart X¯ and S charts (denote this scheme as SSr), and use a rectangular
control region as shown in Figure 1.2. Any point that falls within the control
region is considered an in-control point (for example, points A and B) and
any point that falls outside the region is considered an out-of-control point
(for example, point C).
3
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Figure 1.2. A Combined Shewhart Scheme with a Rectangular Control Re-
gion. The thick bar on the plot is not an out-of-control region
but it represents the most desirable state, where the mean is on
target and the variance has substantially decreased.
The main problem with a rectangular control region is that both points
A and B (in Figure 1.2) are considered in-control, although it would be more
reasonable to infer that point B represents a far more undesirable state than
point A, because shift in variance in point B is larger than in point A where
as the shift in process mean is same for both points. Therefore an elliptical
control region as shown in Figure 1.3 would be a more reasonable choice as
pointed out by Gan (1997). In Figure 1.3, point B is an out-of-control point,
but point A is an in-control point. The distance from the point O can be





































































Figure 1.3. A Combined Shewhart Scheme with an Elliptical Control Region
For a scheme with an elliptical control region, the chart limits of the
mean and variance charts have to be slightly larger than those in a scheme
with a rectangular control region in order to have the same in-control ARL.
Figure 1.4 shows the rectangular and elliptical control regions for a process
with in-control mean zero and variance one. The regions are chosen such
that each scheme has an in-control ARL of 250. Point B is an in-control
point with respect to the rectangular control region, but it is an out-of-
control point with respect to the elliptical control region. Similarly, point
A is an out-of-control point with respect to the rectangular control region
but it is an in-control point with respect to the elliptical control region.
5
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Thus an elliptical control region would be expected to be more sensitive in
detecting large changes in both the mean and variance but less sensitive in
detecting a large shift in one process characteristic when there is little or no
change in the other characteristic. The advantage of a combined scheme is
immediate: any inference made can be based on both statistics jointly. The
interpretation of an out-of-control signal is easier because the position of the
point gives an indication of both the magnitude and direction of the process
shift. However, the order of the points is lost if they are plotted on the same



































































Figure 1.4. A Combined Shewhart Scheme with both Rectangular and El-
liptical Control Regions Displayed
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A few schemes were proposed in the literature to monitor these two
parameters jointly. Let Xtj denote a certain quality characteristic of a pro-
cess where t is the sample number, j is the jth unit of the sample and
j = 1, 2, ..., n. It is assumed that Xtj’s are independent and identically
normally distributed random variables with mean µ0 and standard devi-
ation σ0. Often µ0 and σ0 are called the in-control mean and variance,
respectively. In addition, let X¯t = 1n
n∑
j=1






(Xtj − X¯t)2 be the tth sample variance. In general UCLs are
H with some subscripts, LCLs are h with same subscripts. Hence HM is the
UCL for the sample means; hM is the LCL for the sample means; HV is the
UCL for the sample variances; and hV is the LCL for the sample variances.
Joint monitoring using a combined CUSUM scheme with a rectangular
control region (CC) was given in Gan (1995). This combined scheme consists
of four charts namely upper and lower sided CUSUM mean charts, and upper
and lower sided CUSUM variance charts. Each chart is obtained by plotting
the desired statistic against the sample number, with constraints at t=0.




Table 1.1. Summary of Chart Values. See text for details.
CUSUM Chart Statistics
Sample Mean upper-sided Bt = max[0, Bt−1 + X¯t −Km]
Sample Mean lower-Sided bt = min[0, bt−1 + X¯t +Km]
Sample Variance upper-sided Ft = max[0, Ft−1 + log(S2t )−Kl]
Sample Variance lower-Sided ft = min[0, ft−1 + log(S2t ) +Kp]
Note thatKm, Kl andKp are positive constant often called the reference
value. Further, we set B0 = b0 = F0 = f0 = 0. An out-of-control signal is
issued when any of the upper-sided chart statistic exceed the UCL or any of
the lower-sided chart statistic less than the LCL. The chart parameters of
CUSUM charts can be found in Gan (1991) and Chang and Gan (1995).
An EWMA chart for monitoring the mean is obtained by plotting Et =
(1− λE)Et−1 + λEX¯t against the sample number where E0 is usually set at
µ0, λE is a positive constant such that 0 < λE ≤ 1 and it is selected based
on the shift in the mean to be detected quickly. An out-of-control signal
is issued if Et is greater than the upper control limit HE or Et is smaller
than the lower control limit hE . Designs of EWMA mean charts can be
found in Crowder (1989). The EWMA chart for monitoring the variance can
be obtained by plotting et = (1 − λe)et−1 + λelog(S2t ) against the sample
8
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number, where e0 is usually set at E[log(S2t )], λe is a positive constant such
that 0 < λe ≤ 1 and it is selected based on the shift in the variance to be
detected quickly. An out-of-control signal is issued if et is greater than the
upper control limit He or et is less than the lower control limit he. Designs
of EWMA variance charts can be found in Chang and Gan (1993).
Joint monitoring using a combined EWMA scheme with a rectangular
control region (EEr) was given in Gan (1997). In this scheme, the EWMA
mean chart and the EWMA variance chart are combined by plotting the
EWMA of log(S2t ) against the EWMA of X¯t. The upper and lower control
limits of the two charts form the four sides of a rectangular control region.
Another extension of the combined EWMA scheme, using an elliptical
control region (EEe) was reported in Gan (1997). The distance from the
point E(X¯t), E(log(S2t )) (obtained assuming the process is in-control) will
decide whether a point falls inside the elliptical control region or not. A
point is considered to be an out-of-control point if it falls outside the control
region.
An alternative to implementing the EEe scheme is to plot the Hotelling
type statistics T 2t against the sample number, as shown in Figure 1.5, which
was referred to as a multivariate EWMA T 2 chart by Gan (1997). The
9
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[et − E(log(S2t ))]2
[He − E(log(S2t ))]2
;





[et − E(log(S2t ))]2
[he − E(log(S2t ))]2
.
The main drawback of the multivariate EWMA T 2 charting procedure is that
when a signal is issued, the chart does not indicate which process character-
istic gave rise to the signal. The T 2 statistic indicates only the magnitude
and not the direction of the shift. In process monitoring, both the magni-
tude of the shift and the direction are important. Therefore it is advisable
to examine the EEe scheme in conjunction with the multivariate EWMA T 2
chart.






















































Figure 1.5. A Multivariate EWMA T 2 Chart
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Chen and Cheng (1998) proposed a scheme for joint monitoring based





















;n−1) = H(w; v) = P (W ≤ w) forW ∼ χ2v , the chi-square
distribution with v degrees of freedom, Φ(·) is the cumulative distribution
function of a standard normal random variable. These transformations were
originally proposed by Quesenberry (1995). The variables Ut and Vt are in-
dependent since X¯t and S2t are independent. When the process is in-control,
both Ut and Vt are standard normal random variables. Chen and Cheng
(1998) proposed using the statistic Mt = max[|Ut|, |Vt|] for joint monitoring
and called this the Max charting scheme. The statisticMt will be large when
the mean is shifted away from the in-control mean or when the variance is
away from the in-control variance. On the other hand, the statistics Mt will
be small when the mean and variance stay close to their respective in-control
values. An example of this chart is shown in Figure 1.6. The design of this
scheme can be found in Chen and Cheng (1998).
11
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Figure 1.6. A Max Charting Scheme
Chen et al (2001) proposed a procedure similar to that developed by
Chen and Chang (1998) and is based on the EWMA. In this scheme, the
EWMA’s are calculated as
Pt = (1− λG)Pt−1 + λGUt
and
pt = (1− λG)pt−1 + λGVt,
where λG is a positive constant such that 0 < λG ≤ 1 and P0 and p0 are the
starting values, often taken as zero. They proposed using Gt = max[|Pt|, |pt|]
as a monitoring statistic and called this a Max EWMA chart. Because of
the way Gt is defined, it is non-negative, and the scheme needs only an UCL
which is given by





where E(Gt) is the mean of Gt, V (Gt) is the variance of Gt when the process
is in-control and K is a multiplier which, together with λG determines the
performance of the chart. An example of this chart is shown in Figure 1.7.
The designing procedures are given in Chen et al (2001).



































































Figure 1.7. A Max EWMA Charting Scheme
Chen et al (2004) proposed an EWMA-semicircle scheme (EWMA-SC)
combining the features of the semicircle chart proposed by Chao and Cheng
(1996) with the EWMA technique. They defined
Wt = Yt + Zt + n,
where

















with Y0 = Z0 = 0 and λW is a positive constant such that 0 < λW ≤ 1. A
large value ofWt results from a shift in the mean or a change in the variance;
otherwise, the value of Wt will be small. This scheme is set up by plotting
the statistic Wt against the sample number as shown in Figure 1.8. The
UCL of this scheme is given by
UCLt = L
√
2nλW [1− (1− λW )2t]
2− λW ,
where L is a multiplier which, together with λW determines the performance





The design parameters of this scheme can be obtained from Chen et al (2004).
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Figure 1.8. An EWMA-SC Charting Scheme
In this thesis, three new schemes are proposed to monitor the mean and
variance jointly using new statistics. The derivations of the proposed schemes
are presented in Chapter 2. The design procedures are given in Chapter 3.
The new schemes are compared with existing schemes in Chapter 4, and
applications of the joint monitoring schemes are provided in Chapter 5.
15
Chapter 2. New Charting Schemes
This chapter presents three new charting schemes based on the standardized
sample mean and transformed sample standard deviation. Figures 2.1 to
2.8 plot the control limits for these new schemes, based on various ARLs
ranging from 50 to 1000, as well as selected values of the relevant chart
parameters. In all cases the control limits were determined by simulations
performed in SAS using the normal random number generator RANNOR.
Simulations were run until the standard error of the ARL was less than 1 %
of the pre-specified ARL. The Shewhart distance (SD) scheme is set up by
plotting Dt against the sample number where,
Dt =
√
U2t + V 2t
and D2 has a chi-square distribution with 2 degrees of freedom when the
process is in-control. Ut is the standardized mean and Vt is the standardized
16
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variance, as shown in Chapter 1. The UCL for this scheme can be found
from the equation
P [D2 ≤ UCL2] = 1
ARL
.
The distance exponentially weighted moving average (DEWMA) scheme
is derived by combining the features of the SD scheme with the EWMA
technique. The EWMA chart for monitoring the mean based on standardized
sample mean is obtained by plotting Qt = (1−λM )Qt−1+λMUt against the
sample number where λM is a positive constant such that 0 < λM ≤ 1. An
out-of-control signal is issued if Qt is greater than the upper control limit
HM or Qt is less than the lower control limit −HM . The control limits for
selected values of λM and ARL are displayed in Figure 2.1. The optimal
values of λM for detecting shifts in number of units of standard deviation
from the in-control mean (the new process mean µ is given as µ = µ0+∆ σ0√n )
for various values of ARL have also been found using simulations and these
were displayed in Figure 2.2. To find an optimal λM for detecting a particular
shift among all EWMA charts with the same in-control ARL, the control
limits for these charts (λM = 0.025, 0.050,..., 0.095, 1.000) were found. For
a particular shift, the λM value that gives the smallest out-of-control ARL
is the optimal λM (for that particular shift).
17
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Figure 2.1. Chart Limits for the EWMA Mean Chart Based on Standardized
Sample Means with In-Control ARLs of 50, 250, 370, 500, 740
and 1000.
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Figure 2.2. Optimal λM versus ∆ for the EWMA Mean Chart Based on
Standardized Sample Means with In-Control ARLs of 50, 250,
370, 500, 740 and 1000.
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The EWMA chart for monitoring the variance based on standardized
sample variance is obtained by plotting qt = (1 − λV )qt−1 + λV Vt against
the sample number where λV is a positive constant such that 0 < λV ≤ 1.
An out-of-control signal is issued if qt is greater than the upper control limit
HV or qt is smaller than the lower control limit −HV . Based on a desired
ARL, Figure 2.3 presents the control limits for a given λV value. Figures 2.4
and 2.5 show the optimal λV values for increasing and decreasing process
variance respectively, for selected desired ARLs.
20
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Figure 2.3. Chart Limits for the EWMA Variance Chart Based on Standard-
ized Sample Variances with In-Control ARLs of 50, 250, 370, 500,
740 and 1000.
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Figure 2.4. Optimal λV versus δ (the process variance is given as σ = δσ0)
for the EWMA Variance Chart Based on Standardized Sample
Variances with In-Control ARLs of 50, 250, 370, 500, 740 and
1000.
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Figure 2.5. Optimal λV versus δ (the process variance is given as σ = δσ0)
for the EWMA Variance Chart Based on Standardized Sample
Variances with In-Control ARLs of 50, 250, 370, 500, 740 and
1000.
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The DEWMA scheme is obtained by plotting the point (qt, Qt) and the
monitoring statistics (Rt) is defined to be the distance between (qt, Qt) and
the origin (0, 0); i.e.
Rt =
√
Q2t + q2t .
Recall that the mean and variance EWMA charts have different chart limits,
HM and HV respectively. In order to obtain a circular control region, one









Suppose the mean and variance charts are each designed to have an in-
control ARL of ARLM = ARLV . Than a signal is issued when Rt > cHM
where c is a scale factor such that the DEWMA scheme have an in-control
ARL of ARLC where, ARLC=1/2 ARLM= 1/2 ARLV . Factor c values were
computed using simulation for various combination of λM , λV and ARLC
and presented in Table 2.1.
24
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Table 2.1. The Scale Factor c for Various Combinations of λM , λV and ARLC
for the DEWMA Scheme.
ARL
λM λV 250 370 500 1000
0.025 0.025 1.249 1.224 1.209 1.180
0.025 0.050 1.229 1.210 1.197 1.171
0.025 0.100 1.219 1.201 1.190 1.170
0.025 0.200 1.212 1.195 1.186 1.168
0.025 0.300 1.210 1.195 1.185 1.167
0.025 0.400 1.209 1.194 1.185 1.167
0.050 0.025 1.229 1.210 1.197 1.171
0.050 0.050 1.215 1.195 1.184 1.161
0.050 0.100 1.205 1.187 1.176 1.156
0.050 0.200 1.193 1.181 1.170 1.155
0.050 0.300 1.193 1.180 1.169 1.154
0.050 0.400 1.192 1.179 1.169 1.154
0.100 0.025 1.219 1.201 1.190 1.170
0.100 0.050 1.205 1.187 1.176 1.156
0.100 0.100 1.190 1.176 1.166 1.149
0.100 0.200 1.182 1.170 1.160 1.148
0.100 0.300 1.181 1.168 1.159 1.148
0.100 0.400 1.180 1.167 1.159 1.148
0.200 0.025 1.212 1.195 1.186 1.168
0.200 0.050 1.193 1.181 1.170 1.155
0.200 0.100 1.182 1.170 1.160 1.148
0.200 0.200 1.173 1.162 1.153 1.139
0.200 0.300 1.171 1.159 1.151 1.138
0.200 0.400 1.168 1.159 1.150 1.137
0.300 0.025 1.210 1.195 1.185 1.167
0.300 0.050 1.193 1.180 1.169 1.154
0.300 0.100 1.181 1.168 1.159 1.148
0.300 0.200 1.171 1.159 1.151 1.138
0.300 0.300 1.167 1.156 1.149 1.136
0.300 0.400 1.164 1.155 1.149 1.135
0.400 0.025 1.209 1.194 1.185 1.167
0.400 0.050 1.192 1.179 1.169 1.154
0.400 0.100 1.180 1.167 1.159 1.148
0.400 0.200 1.168 1.158 1.150 1.137
0.400 0.300 1.152 1.155 1.149 1.134
0.400 0.400 1.161 1.153 1.149 1.134
25
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An exponentially weighted moving average distance square scheme (EW-
MAD2) for joint monitoring is obtained by applying the EWMA technique
to the square of the distance D, as derived in the SD scheme. This scheme
is set up by plotting the EWMA of D2t against the sample number as
At = (1− λD)At−1 + λDD2t
where λD is a positive constant such that 0 < λD ≤ 1. An out-of-control
signal is issued if At is greater than the control limit HA. The control limits
for selected values of λD and ARLs computed by simulation are displayed
in Figure 2.6. As well, the optimal values of λD for detecting various shifts
in mean of D2t from the in-control mean D
2
0, for various in-control ARLs are
displayed in Figures 2.7 and 2.8.
26
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Figure 2.6. Chart Limits for the λD Values for the EWMAD2 Scheme with
In-Control ARLs of 200, 300, 370, 500 and 1000.
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Figure 2.7. Optimal λD versus β (the mean of D2t is given as E(D
2
t ) = βD
2
0)
for the EWMAD2 Scheme with In-Control ARLs of 200, 300,
370, 500 and 1000.
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Figure 2.8. Optimal λD versus β (the mean of D2t is given as E(D
2
t ) = βD
2
0)
for the EWMAD2 Scheme with In-Control ARLs of 200, 300,
370, 500 and 1000.
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For the three new schemes, only the UCL is needed because a change in
the mean or variance will result in larger values of the monitoring statistics.
A problem with these schemes is that when a signal is issued, the chart does
not indicate which process characteristic gives rise to the signal. Also the
monitoring statistics indicate only the magnitude and not the direction of a
shift. In process monitoring both magnitude and direction of a shift are im-
portant. Therefore, for these schemes, it is advisable to plot the monitoring
statistics separately for each sample point. Note that, unlike most existing
monitoring schemes, none of the SD, DEWMA or EWMAD2 schemes de-
pend on the sample size. Thus, quality engineers have fewer constraints in
implementing these schemes.
30
Chapter 3. Design of Joint Monitoring
Schemes
The design procedures of the SD, DEWMA and EWMAD2 schemes are
illustrated in this chapter. Implementation of these schemes is also illustrated
using the piston ring data (Montgomery, 1996).
The design of the SD scheme is straight forward and the following steps
are recommended:
Step 1. Choose the smallest acceptable in-control ARL for the process.
Step 2. Find the UCL for the scheme using the equation P [D2 ≤ (UCL)2] =
1/ARL for D2 ∼ χ22.
The SD scheme can then be implemented by plotting the statisticsDt against
the sample number. A signal is issued if Dt > UCL. The choice of the in-
control ARL specified in Step 1 depends on a number of factors. For example
a scheme with a large in-control ARL signals early false alarms less frequently
31
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on the average, but it will be slower in detecting an out-of-control situation.
The cost associated with false alarms, process downtime, and non-conforming
products should be weighted carefully to arrive at an acceptable in-control
ARL in Step 1.
The design procedure recommended by Crowder (1989) for an EWMA
chart is adopted for the design of a DEWMA scheme. The design strategy
is to find λM for a given in-control ARL of mean chart that minimizes the
out-of-control ARL for a specified shift in the mean and to find λV for a given
in-control ARL of variance chart that minimizes the out-of-control ARL for a
specified shift in the variance. To design this DEWMA scheme, the following
steps are recommended:
Step 1. Select the smallest acceptable in-control ARL of the DEWMA scheme
ARLC . The in-control ARLs of the mean and variance charts are
then given by ARLM = ARLV = 2ARLC .
Step 2. Determine the magnitude of the shift in mean to be detected quickly.
Select the λM that gives the minimum ARL at the shift selected.
Step 3. Given the value of λM determined in Step 2, find the chart limit HM
so that the mean chart has an in-control ARL of ARLM .
Step 4. Determine the magnitude of the shift in the process variance to be
detected quickly. Select the λV that gives the minimum ARL at the
shift selected.
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Step 5. Given the value of λV determined in Step 4, find the chart limit HV
so that the variance chart has an in-control ARL of ARLV .
Step 6. Find the scale factor c from the Table 2.1 for the selected λM , λV
and ARLC combination.
Step 7. Determine the UCL based on the equation UCL = cHM .
The DEWMA scheme can then be implemented by plotting the monitor-
ing statistics Rt against the sample number. A signal is issued if Rt > UCL.
In Step 2, the value of λM can be read off easily from Figure 2.2, given the
value of ∆ and ARLM . Similarly using the value of λM obtained in Step 2,
the chart limit HM can be read off from Figure 2.1 in Step 3. And Figures
2.4 and 2.5 are can be used in Step 4 to find the optimal values of λV , given
the values of δ and ARLV . Finally using the value of λV obtained in Step 4,
the chart limit HV can be read off from Figure 2.3.
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To design an EWMAD2 scheme, the following steps are recommended:
Step 1. Select the smallest acceptable in-control ARL of the scheme.
Step 2. Determine the magnitude of the shift in the mean of D2t to be
detected quickly. Select the λD that gives the minimum ARL at
the shift selected.
Step 3. Given the value of λD from Step 2, find the UCL HA which satisfies
the in-control ARL specified in Step 1.
The EWMAD2 scheme can then be implemented by plotting the monitoring
statistics At against the sample number. A signal is issued if At > UCL.
The value of λD can be read off easily from Figures 2.7 and 2.8 given the
value of β and the in-control ARL. Using the value of λD obtained in Step
2, the control limit HA can be read off from this Figure 2.6 so that the
corresponding EWMAD2 scheme has the in-control ARL as specified in Step
1.
The piston ring data given in Table A.1 of the Appendix consists of 40
samples and each sample consists of measurements of diameters of 5 piston
rings. The process mean and standard deviation for the piston ring data are
estimated from the first 25 samples when the process is deemed in-control.
The SD scheme for the piston ring data can be implemented by adopting the
following steps if one wants to have an in-control ARL of 370:
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Step 1. The desired in-control ARL for the process is 370.
Step 2. The UCL, given by P [D2 ≤ (UCL)2] = 1/370 for D2 ∼ χ22, is 3.439.
Then the SD scheme can be implemented by plotting the statisticsDt against
the sample number. A signal is issued if Dt > 3.439.
To implement the DEWMA scheme for the piston ring data, if with an
in-control ARL of 370, and minimum ARL when there is one unit standard
deviation shift (∆ = 1) in the mean and 1.05 times shift (δ = 1.05) in the
standard deviation:
Step 1. Set the desired in-control ARL of the DEWMA scheme ARLC = 370.
Then the ARLM = ARLV = 740.
Step 2. If a ∆ = 1 shift in mean is important, the optimal λM is 0.125.
(obtained from Figure 2.2 for ARLM = 740).
Step 3. From Figure 2.1, the control limit HM is 0.66, based on λM = 0.125,
ARLM = 740.
Step 4. If a δ = 1.05 shift in standard deviation is important, the optimal
λV is 0.025 (obtained from the Figure 2.4 for ARLV = 740).
Step 5. The corresponding control limit HV is 0.285 (obtained from Figure
2.3 for ARLV = 740).
Step 6. Table 2.1 gives a scale factor c of 1.2 for λM = 0.125, λV = 0.025
and ARLC = 370.
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Step 7. The UCL of the DEWMA scheme is given as UCL = cHM which is
0.792.
Then the DEWMA scheme can be implemented by plotting the monitoring
statistics Rt against the sample number where a signal is issued if Rt > 0.792.
The following steps can be adopted to implement a EWMAD2 scheme
for the piston ring data if one wants to have an in-control ARL of 370 with
minimum ARL when there is 1.5 times shift in mean of D2t (β = 1.5):
Step 1. Set the desired in-control ARL of the scheme to 370.
Step 2. The λD value that gives the minimum ARL at β = 1.5 is obtained
from the Figure 2.7 which is 0.18.
Step 3. Since the optimal λD is 0.18, Figure 2.6 can be used to obtain the
UCL which is given by 4.1 as read from the graph.
Then the EWMAD2 scheme can be implemented by plotting the monitoring
statistics At against the sample number. A signal is issued if At > 4.1.
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This Chapter presents results from a comparative simulation study between
the existing monitoring schemes discussed in Chapter 1 and the newly pro-
posed schemes developed in Chapter 2 (SD, DEWMA, EWMAD2). The
existing schemes included in this study are:
- Shewhart with rectangular control region (SSr)
- Shewhart with elliptical control region (SSe)
- CUSUM with rectangular control region (CC)
- EWMA with rectangular control region (EEr)




The control regions for SD, DEWMA and EWMAD2 schemes are circular.
In particular, the ARLs arising for various magnitudes of shifts in the mean
and variance are compared to each other schemes. The in-control mean and
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variance are assumed to be µ0 = 0 and σ20 = 1 respectively. Each sam-
ple comprises 5 normally distributed observations. The mean and variance
investigated are given by µ = µ0 +∆ σ0√n = ∆
σ0√
n
and σ = δσ0 = δ, where
- ∆ = 0.0, 0.2, 0.4, 0.6, 1.0, 1.5, 3.0 and
- δ = 0.50, 0.75, 0.95, 1.00, 1.05, 1.10, 1.25, 1.50, 3.00.
The chart parameters used in the comparisons are optimal in detecting
shifts ∆ = 1 and δ = 1.25 for the in-control ARLs of 250 and 370 and
given in Tables 4.2 and 4.3 respectively. All simulations were run in SAS
using an in-control ARL of either 250 or 370. For each scheme and each
(∆, δ)combination 100,000 runs were performed to estimate the out-of-control
ARL and the standard deviation of run length (SDRL) to ensure that the
SDRL was less than 1 % of the estimated ARL. Table 4.4 and 4.6 present
the ARLs and SDRLs, respectively, when the in-control ARL is 250. Table
4.5 and 4.7 show the ARLs and SDRLs, respectively, but derived from an
in-control ARL of 370. Table 4.1 summarizes the results of this simulation
study, and states which schemes are recommened to be used in different
scenarios.
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Table 4.1. Recommended Charting Schemes for Detecting Various Shifts in
Mean and Variance. See Text for Details.
In-Control Small Shift Medium Shift Large Shift
Mean in Mean in Mean in Mean
(∆ = 0) (∆ = 0.2) (∆ = 1.0) (∆ = 3.0)
Large Decrease DEWMA, DEWMA, DEWMA, SD,
in Variance CC, EEr, CC, EEr, CC, EEr, EWMAD2,
(δ = 0.50) EEe, EEe, EEe, SSe
Max EWMA Max EWMA Max EWMA
Small Decrease DEWMA DEWMA, DEWMA, EWMAD2,
in Variance EEr, EEe CC, EEr, SSr, SSe
(δ = 0.95) EEe, Max Chart
Max EWMA Max EWMA
In-Control All Schemes DEWMA, DEWMA, EWMAD2,
Variance EEr, EEe CC, EEr, SSr, SSe,
(δ = 1.00) EEe, Max Chart,
Max EWMA Max EWMA
Small Increase DEWMA, DEWMA, DEWMA, EWMAD2,
in Variance EWMAD2, EWMAD2 CC, EEr, SSr, SSe,
(δ = 1.10) EEr, EEe, EEr, EEe, EEe, Max Chart,
EWMA-SC EWMA-SC Max EWMA Max EWMA
Large Increase SD, SD, SD, SD,
in Variance EWMAD2, EWMAD2 EWMAD2, EWMAD2,
(δ = 3.00) SSr, SSe, SSr, SSe, SSr, SSE , SSr, SSE ,
Max Chart Max Chart Max EWMA Max EWMA
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From the Table 4.1, it seems that DEWMA scheme is flexible in that
it can be used in any situation except those which there is a large shift in
the mean (∆ < 1.5) or a large increase in variance (δ < 1.5). For example,
consider a mean shift ∆ = 0.2 and a small decrease in variance δ = 0.95.
Then for an in-control ARL of 250 DEWMA scheme gave an out-of-control
ARL of 130.19 with standard deviation 120.14 ×
√
10−5. This scheme had
the lowest out-of-control ARL among all the schemes, hence an out-of-control
signal would be issued earliest. When the in-control ARL is 370, DEWMA
scheme has an ARL of 146.92 (SDRL = 135.66 ×
√
10−5).
Note that the EEr and EEe schemes seem to behave very similar to the
DEWMA scheme. For example for ∆ = 0.2, δ = 0.95 and in-control ARL
=250, EEr scheme had an ARL of 133.86 with standard deviation 124.96
×
√
10−5 and EEe scheme had an ARL of 135.10 with standard deviation
126.61.14 ×
√
10−5. This may not be surprising since all schemes use EWMA
version of the mean and variance. However in almost all cases investigated,
the DEWMA scheme seemed to out-perform (i.e. had lower ARL) both the
EEr and EEe schemes. The major difference between these schemes is that
the DEWMA scheme put the mean and the variance on the same scale, and
perhaps this makes the procedure more sensitive to small changes in the
process mean and variance.
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Also, note that for small decreases in variance, but no shift in the mean,
neither the EEr nor EEe schemes are recommened. For an in-control ARL
of 250, ∆ = 0, δ = 0.95, the estimated ARL for DEWMA is 183.96 (SDRL
= 174.10 ×
√
10−5) while for EEr the ARL is 236.01 (SDRL = 227.99 ×
√
10−5) and for EEe the ARL is 252.32 (SDRL = 243.98 ×
√
10−5). Similar
results were found for an in-control ARL of 370. Again, perhaps the scaling
of the variance term in DEWMA makes it more sensitive to small changes
in the process variance.
Conversely to the DEWMA scheme the EWMAD2 scheme seems best
used when there is a large shift in the mean, a large increase in the variance
or both, in general. For example for an in-control ARL of 250 and ∆ =
0.6, δ = 3.00, the out-of-control ARL is 1.27 (SDRL = 0.53 ×
√
10−5) while
for DEWMA scheme the ARL is 1.87 (SDRL = 0.72×
√
10−5). Note that the
SSr and SSe schemes behave very similar to the EWMAD2 scheme, though
there does not seem to be any significant differences in their performance
when there is a large shift in the mean or large increase in the variance. The
ARL is 1.23 (SDRL = 0.54 ×
√
10−5) for the SSr scheme and 1.24 (SDRL
= 0.54 ×
√
10−5) for the SSe scheme for the in-control ARL of 250 and
∆ = 0.6, δ = 3.00.
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However, unlike the SSr and SSe schemes, the EWMAD2 scheme also
performs well when there is a small increase in variance and small shift in
the mean. For an in-control ARL of 250, ∆ = 0.2, δ = 1.10, the estimated
ARL for EWMAD2 scheme is 52.27 (SDRL = 47.40 ×
√
10−5) while for
SSr scheme the ARL is 95.91 (SDRL = 95.10 ×
√
10−5) and for SSe scheme
the ARL is 96.43 (SDRL = 95.50 ×
√
10−5). Furthermore, although SSr,
SSe and EWMAD2 schemes seems to perform comparably to each other,
since the EWMAD2 scheme does not depend on the sample size, it may be
preferable to use in practice.
In general, the SD scheme is recommended when there is a large increase
in the variance. In these cases, it perform very similar to SSr and SSe schemes
and in some cases outperforms SSr and SSe schemes. For an in-control ARL
of 250, ∆ = 0.40, δ = 3.00, the estimated ARL for SD scheme is 1.20 (SDRL
= 0.49 ×
√
10−5) while for SSr scheme the ARL is 1.24 (SDRL = 0.55 ×
√
10−5) and for SSe scheme the ARL is 1.25 (SDRL = 0.55 ×
√
10−5). Again,
an advantage of this scheme is that it does not depend on sample size. If
the increase in variance is very large, then SD scheme seems to outperforms
EWMAD2 scheme. For an in-control ARL of 250, ∆ = 0.40, δ = 3.00, the
estimated ARL for SD scheme is 1.20 (SDRL = 0.49 ×
√
10−5) while for
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Table 4.2. Control Chart Parameters of the Various Charting Schemes with
an In-Control ARL of 250, ∆ = 1, δ = 1.25.
Scheme Control Region Control Chart Parameters
SSr Rectangular hM = -1.383, HM = 1.383
hV = -3.789, HV = 1.531
SSe Elliptical hM = -1.448, HM = 1.448
hV = -4.000, HV = 1.834
CC Rectangular Km = 0.224, hM = 2.268, B0 = b0 = 0.0
Kl = 0.005, HV = 4.006, F0 = 0.0
Kp = 0.666, hV = −5.054, f0 = 0.0
EEr Rectangular λE = 0.134, hE = −0.345,
HE = 0.345, E0 = 0.0
λe = 0.106, he = −0.867,
He = 0.215, e0 = −0.270
EEe Elliptical λE = 0.134, hE = −0.372,
HE = 0.372, E0 = 0.0
λe = 0.106, he = −0.92,
He = 0.250, e0 = −0.270
Max Chart UCL = 3.090
Max EWMA λG = 0.30, UCL = 1.268,
K = 3.14, P0 = 0.0, p0 = 0.0
EWMA-SC λW = 0.30, L = 3.181,
Y0 = 0.0, Z0 = 0.0
SD Circular UCL = 3.323
DEWMA Circular λM = 0.134, HM = 0.7737, Q0 = 0.0,
λV = 0.100, HV = 0.5344, q0 = 0.0,
i = 2.096, c = 1.201, UCL = 0.9294
DEWMA2 Circular λD = 0.08, A0 = 2, UCL = 3.008
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Table 4.3. Control Chart Parameters of Various Charting Schemes with an
In-Control ARL of 370, ∆ = 1, δ = 1.25.
Scheme Control Region Control Chart Parameters
SSr Rectangular hM = -1.4333, HM = 1.4333
hV = -3.9926, HV = 1.5756
SSe Elliptical hM = -1.500, HM = 1.500
hV = -4.256, HV = 1.634
CC Rectangular Km = 0.224, hM = 2.4221, B0 = b0 = 0.0
Kl = 0.005, HV = 4.3241, F0 = 0.0
Kp = 0.666, hV = −5.4735, f0 = 0.0
EEr Rectangular λE = 0.12, hE = −0.3385,
HE = 0.3385, E0 = 0.0
λe = 0.10, he = −0.8772,
He = 0.2205, e0 = −0.270
EEe Elliptical λE = 0.12, hE = −0.3722,
HE = 0.3722, E0 = 0.0
λe = 0.10, he = −0.8994,
He = 0.2540, e0 = −0.270
Max Chart UCL = 3.205
Max EWMA λG = 0.25, UCL = 1.180,
K = 3.23, P0 = 0.0, p0 = 0.0
EWMA-SC λW = 0.265, L = 3.347,
Y0 = 0.0, Z0 = 0.0
SD Circular UCL = 3.323
DEWMA Circular λM = 0.125, HM = 0.666, Q0 = 0.0,
λV = 0.09, HV = 0.6316, q0 = 0.0,
i = 1.11, c = 1.14, UCL = 0.7593
EWMAD2 Circular λD = 0.10, A0 = 2, UCL = 3.3348
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Table 4.4. Average Run Lengths of Combined Schemes with Respect to the
Process Mean (µ0 + ∆σ0/
√
n) and Standard Deviation (δσ0).
In-Control ARL = 250.
∆ δ SD DEWMA EWMAD2 CC EEr EEe SSr SSe
0.00 0.50 128.85 5.82 22.60 5.88 5.79 6.33 68.62 93.56
0.00 0.75 451.87 17.33 986.27 24.60 21.91 24.57 322.17 371.08
0.00 0.95 370.24 183.96 558.57 276.10 236.01 252.32 365.93 358.74
0.00 1.00 249.31 250.81 251.32 250.07 250.28 251.12 251.78 251.10
0.00 1.05 156.75 125.39 113.63 138.99 136.57 129.33 160.42 164.77
0.00 1.10 96.96 57.67 57.83 71.07 67.87 63.44 102.53 105.72
0.00 1.25 28.14 15.83 15.48 19.26 18.95 18.13 31.07 32.89
0.00 1.50 7.42 6.76 5.51 8.05 8.15 7.90 8.30 8.83
0.00 3.00 1.20 1.87 1.27 2.46 2.57 2.47 1.23 1.25
0.20 0.50 124.71 5.76 21.50 5.89 5.79 6.27 68.95 92.00
0.20 0.75 424.86 16.61 780.47 24.56 21.75 22.60 318.51 355.97
0.20 0.95 331.50 130.19 437.04 169.80 133.86 135.10 328.92 317.62
0.20 1.00 223.90 155.68 207.44 147.02 129.51 128.88 227.18 223.03
0.20 1.05 143.00 92.77 99.18 96.76 88.46 83.03 148.89 147.02
0.20 1.10 89.70 49.00 52.27 58.11 53.89 49.33 95.91 96.43
0.20 1.25 27.06 15.26 15.07 18.36 18.00 16.96 29.94 31.09
0.20 1.50 7.34 6.69 5.43 8.00 8.07 7.75 8.25 8.66
0.20 3.00 1.20 1.88 1.27 2.47 2.57 2.46 1.24 1.25
0.40 0.50 113.98 5.64 18.71 5.88 5.79 6.05 68.78 87.06
0.40 0.75 364.45 14.84 413.83 22.23 20.46 18.43 310.77 320.57
0.40 0.95 244.75 62.08 232.19 62.60 51.58 52.17 247.92 231.70
0.40 1.00 170.18 65.22 126.22 56.36 48.83 49.24 174.03 162.62
0.40 1.05 111.25 49.07 69.14 46.71 41.50 39.89 116.67 110.76
0.40 1.10 73.39 33.38 40.64 35.91 32.71 30.27 78.88 75.10
0.40 1.25 24.30 13.70 13.60 16.16 15.84 14.56 27.09 27.09
0.40 1.50 7.01 6.49 5.28 7.73 7.82 7.42 7.90 8.12
0.40 3.00 1.20 1.87 1.27 2.46 2.57 2.46 1.24 1.25
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Table 4.4. (Continued) (ARL of Combined Schemes with In-Control ARL=250)
∆ δ SD DEWMA EWMAD2 CC EEr EEe SSr SSe
0.60 0.50 99.59 5.43 15.20 5.88 5.79 5.74 69.19 79.56
0.60 0.75 279.26 12.62 170.83 18.70 16.93 14.07 285.50 264.28
0.60 0.95 162.75 30.80 105.28 27.27 24.45 25.13 166.96 151.39
0.60 1.00 115.92 31.12 67.09 26.05 23.67 24.41 118.75 108.40
0.60 1.05 79.86 27.05 43.41 24.21 22.28 21.92 84.21 76.45
0.60 1.10 55.42 21.95 29.00 21.46 20.06 18.95 59.35 54.33
0.60 1.25 20.57 11.77 11.89 13.43 13.14 11.98 23.08 22.02
0.60 1.50 6.54 6.20 5.04 7.34 7.41 6.95 7.44 7.43
0.60 3.00 1.20 1.87 1.27 2.45 2.55 2.44 1.23 1.24
1.00 0.50 63.95 4.89 9.33 5.79 5.70 4.95 68.80 59.80
1.00 0.75 128.59 8.75 32.08 10.02 9.66 8.58 175.93 136.21
1.00 0.95 65.06 12.50 26.16 10.53 10.18 10.64 68.99 59.28
1.00 1.00 49.84 12.56 21.50 10.48 10.16 10.55 49.92 44.66
1.00 1.05 37.29 12.05 17.64 10.36 10.01 10.25 38.33 34.09
1.00 1.10 28.67 11.26 14.43 10.17 9.87 9.78 30.01 26.24
1.00 1.25 13.60 8.45 8.37 8.87 8.71 8.04 12.58 13.43
1.00 1.50 5.40 5.46 4.39 6.36 6.38 5.83 6.19 5.86
1.00 3.00 1.19 1.85 1.26 2.42 2.52 2.41 1.23 1.23
1.50 0.50 27.92 4.16 5.31 4.94 4.89 4.05 65.80 32.08
1.50 0.75 39.22 5.92 9.39 5.72 5.65 5.49 50.32 41.62
1.50 0.95 21.85 6.89 9.02 5.80 5.76 6.03 20.70 19.62
1.50 1.00 18.19 6.91 8.41 5.81 5.76 6.03 17.35 16.16
1.50 1.05 15.17 6.82 7.75 5.83 5.70 5.97 14.80 13.48
1.50 1.10 12.62 6.66 7.09 5.82 5.75 5.88 12.76 11.34
1.50 1.25 7.70 5.88 5.36 5.60 5.66 5.46 8.47 7.23
1.50 1.50 4.04 4.54 3.53 5.00 5.04 4.60 4.61 4.14
1.50 3.00 1.18 1.82 1.25 2.36 2.46 2.34 1.21 1.22
3.00 0.50 1.75 2.74 1.86 2.54 2.59 2.48 2.30 1.87
3.00 0.75 2.33 2.98 2.13 2.56 2.60 2.71 2.21 2.27
3.00 0.95 2.33 3.07 2.20 2.59 2.63 2.77 2.16 2.19
3.00 1.00 2.29 3.07 2.20 2.60 2.64 2.77 2.16 2.16
3.00 1.05 2.24 3.07 2.18 2.61 2.64 2.77 2.15 2.11
3.00 1.10 2.21 3.07 2.16 2.62 2.65 2.77 2.14 2.07
3.00 1.25 2.04 2.99 2.07 2.65 2.68 2.75 2.01 1.94
3.00 1.50 1.80 2.81 1.89 2.68 2.72 2.68 1.92 1.74
3.00 3.00 1.13 1.68 1.18 2.10 2.16 2.03 1.20 1.15
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Table 4.4. (Continued) (ARL of Combined Schemes with In-Control ARL=250)
∆ δ SD DEWMA EWMAD2 Max Chart Max EWMA EWMA-SC
0.00 0.50 128.85 5.82 22.60 68.10 5.64 -
0.00 0.75 451.87 17.33 986.27 322.13 36.67 -
0.00 0.95 370.24 183.96 558.57 360.93 285.26 826.86
0.00 1.00 249.31 250.81 251.32 250.23 248.83 251.82
0.00 1.05 156.75 125.39 113.63 160.48 147.57 99.26
0.00 1.10 96.96 57.67 57.83 101.59 79.06 49.39
0.00 1.25 28.14 15.83 15.48 31.01 19.08 14.01
0.00 1.50 7.42 6.76 5.51 8.27 6.24 5.63
0.00 3.00 1.20 1.87 1.27 1.24 1.46 1.42
0.20 0.50 124.71 5.76 21.50 68.28 5.64 -
0.20 0.75 424.86 16.61 780.47 316.33 36.69 -
0.20 0.95 331.50 130.19 437.04 324.53 196.95 742.07
0.20 1.00 223.90 155.68 207.44 226.13 164.94 229.11
0.20 1.05 143.00 92.77 99.18 147.25 108.53 93.71
0.20 1.10 89.70 49.00 52.27 94.81 65.14 47.23
0.20 1.25 27.06 15.26 15.07 29.84 18.14 13.76
0.20 1.50 7.34 6.69 5.43 8.15 6.19 5.59
0.20 3.00 1.20 1.88 1.27 1.23 1.46 1.42
0.40 0.50 113.98 5.64 18.71 68.60 5.64 -
0.40 0.75 364.45 14.84 413.83 307.34 34.96 -
0.40 0.95 244.75 62.08 232.19 245.34 88.16 539.90
0.40 1.00 170.18 65.22 126.22 171.86 74.18 182.95
0.40 1.05 111.25 49.07 69.14 116.48 57.19 79.16
0.40 1.10 73.39 33.38 40.64 78.07 41.30 41.76
0.40 1.25 24.30 13.70 13.60 26.92 15.73 13.08
0.40 1.50 7.01 6.49 5.28 7.85 5.97 5.49
0.40 3.00 1.20 1.87 1.27 1.23 1.45 1.42
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Table 4.4. (Continued) (ARL of Combined Schemes with In-Control ARL=250)
∆ δ SD DEWMA EWMAD2 Max Chart Max EWMA EWMA-SC
0.60 0.50 99.59 5.43 15.20 68.57 5.64 -
0.60 0.75 279.26 12.62 170.83 282.42 28.69 -
0.60 0.95 162.75 30.80 105.28 165.24 39.36 336.77
0.60 1.00 115.92 31.12 67.09 117.66 34.62 128.97
0.60 1.05 79.86 27.05 43.41 83.07 29.72 61.22
0.60 1.10 55.42 21.95 29.00 58.97 24.60 34.52
0.60 1.25 20.57 11.77 11.89 23.07 12.82 12.10
0.60 1.50 6.54 6.20 5.04 7.38 5.65 5.33
0.60 3.00 1.20 1.87 1.27 1.23 1.45 1.42
1.00 0.50 63.95 4.89 9.33 68.35 5.54 -
1.00 0.75 128.59 8.75 32.08 174.33 12.69 -
1.00 0.95 65.06 12.50 26.16 64.69 12.24 107.83
1.00 1.00 49.84 12.56 21.50 49.30 11.74 54.61
1.00 1.05 37.29 12.05 17.64 38.03 11.19 32.15
1.00 1.10 28.67 11.26 14.43 29.84 10.51 21.37
1.00 1.25 13.60 8.45 8.37 15.10 8.06 9.66
1.00 1.50 5.40 5.46 4.39 6.18 4.87 4.87
1.00 3.00 1.19 1.85 1.26 1.23 1.44 1.40
1.50 0.50 27.92 4.16 5.31 65.07 4.53 -
1.50 0.75 39.22 5.92 9.39 49.94 5.55 495.20
1.50 0.95 21.85 6.89 9.02 20.52 5.54 28.40
1.50 1.00 18.19 6.91 8.41 17.21 5.48 19.69
1.50 1.05 15.17 6.82 7.75 14.75 5.44 14.75
1.50 1.10 12.62 6.66 7.09 12.64 5.36 11.63
1.50 1.25 7.70 5.88 5.36 8.40 4.98 7.01
1.50 1.50 4.04 4.54 3.53 4.61 3.87 4.19
1.50 3.00 1.18 1.82 1.25 1.21 1.42 1.39
3.00 0.50 1.75 2.74 1.86 2.28 2.07 7.06
3.00 0.75 2.33 2.98 2.13 2.22 2.12 5.09
3.00 0.95 2.33 3.07 2.20 2.16 2.15 4.04
3.00 1.00 2.29 3.07 2.20 2.15 2.16 3.83
3.00 1.05 2.24 3.07 2.18 2.15 2.16 3.66
3.00 1.10 2.21 3.07 2.16 2.13 2.17 3.48
3.00 1.25 2.04 2.99 2.07 2.08 2.18 3.04
3.00 1.50 1.80 2.81 1.89 1.93 2.14 2.51
3.00 3.00 1.13 1.68 1.18 1.15 1.34 1.30
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Table 4.5. Average Run Lengths of Combined Schemes with Respect to the
Process Mean (µ0 + ∆σ0/
√
n) and Standard Deviation (δσ0).
In-Control ARL = 370.
∆ δ SD DEWMA EWMAD2 CC EEr EEe SSr SSe
0.00 0.50 192.74 7.44 29.81 6.30 6.23 6.45 100.95 129.64
0.00 0.75 686.71 24.75 1453.60 27.07 24.37 24.63 480.28 520.13
0.00 0.95 564.04 325.66 839.40 405.53 331.51 310.88 551.66 526.25
0.00 1.00 370.92 370.00 370.72 370.02 370.77 370.70 370.25 370.70
0.00 1.05 224.08 185.07 160.77 188.87 186.01 185.27 229.08 235.42
0.00 1.10 133.60 82.96 77.52 88.74 84.16 81.51 141.40 145.25
0.00 1.25 35.92 20.32 18.15 21.60 21.22 20.56 39.83 42.25
0.00 1.50 8.60 8.23 5.96 8.77 8.89 8.67 9.73 10.55
0.00 3.00 1.23 2.17 1.29 2.65 2.76 2.67 1.26 1.28
0.20 0.50 187.58 7.33 28.25 6.31 6.24 6.38 100.92 127.58
0.20 0.75 653.08 22.62 1172.17 26.77 24.35 22.98 480.39 506.90
0.20 0.95 500.83 146.92 653.50 226.39 176.66 169.82 493.89 466.69
0.20 1.00 330.15 149.81 303.28 193.21 166.54 175.29 335.02 321.44
0.20 1.05 203.09 100.85 138.56 123.89 112.41 110.38 207.36 209.12
0.20 1.10 124.36 59.73 69.73 70.85 65.66 61.80 130.74 132.50
0.20 1.25 34.33 18.96 17.57 20.50 20.14 19.15 37.88 40.04
0.20 1.50 8.47 8.09 5.90 8.68 8.83 8.53 9.54 10.17
0.20 3.00 1.23 2.16 1.29 2.64 2.77 2.68 1.26 1.28
0.40 0.50 172.26 7.03 24.07 6.31 6.27 6.20 100.91 121.87
0.40 0.75 555.14 18.21 634.55 25.63 22.89 19.06 461.43 458.11
0.40 0.95 363.32 51.17 342.68 73.41 59.98 62.22 366.99 335.36
0.40 1.00 244.11 50.89 179.70 65.78 56.58 61.13 252.87 229.23
0.40 1.05 156.66 42.66 94.28 54.02 47.87 48.81 163.17 152.79
0.40 1.10 100.14 33.15 52.93 41.07 38.21 35.85 107.31 102.76
0.40 1.25 30.55 15.97 15.72 17.99 17.70 16.33 34.29 34.40
0.40 1.50 8.12 7.75 5.69 8.39 8.52 8.13 9.19 9.53
0.40 3.00 1.23 2.15 1.29 2.64 2.77 2.66 1.26 1.28
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Table 4.5. (Continued) (ARL of Combined Schemes with In-Control ARL=370)
∆ δ SD DEWMA EWMAD2 CC EEr EEe SSr SSe
0.60 0.50 150.29 6.59 18.92 6.31 6.23 5.90 101.28 109.57
0.60 0.75 424.71 14.09 262.92 23.43 18.84 14.94 431.53 377.53
0.60 0.95 237.00 24.67 150.08 44.79 27.13 29.11 239.88 217.06
0.60 1.00 164.59 24.47 92.10 41.73 26.29 28.42 167.20 149.98
0.60 1.05 110.56 22.64 56.57 37.48 24.81 25.55 114.20 103.66
0.60 1.10 74.55 20.17 36.12 30.93 22.60 21.85 78.48 72.23
0.60 1.25 25.62 12.85 13.47 16.46 14.63 13.36 29.08 26.90
0.60 1.50 7.57 7.23 5.41 8.20 8.12 7.57 8.64 8.64
0.60 3.00 1.22 2.15 1.29 2.63 2.75 2.64 1.26 1.28
1.00 0.50 95.71 5.58 10.93 6.23 6.16 5.18 100.10 83.61
1.00 0.75 192.52 8.74 43.35 10.77 10.54 9.31 270.53 199.24
1.00 0.95 90.37 10.81 33.08 11.26 11.09 11.81 89.55 81.66
1.00 1.00 67.49 10.79 26.52 11.23 10.98 11.84 66.30 59.30
1.00 1.05 49.50 10.57 21.14 10.98 10.88 11.53 50.46 45.35
1.00 1.10 37.04 10.17 16.85 10.86 10.75 10.99 38.09 33.09
1.00 1.25 16.37 8.49 9.29 9.55 9.62 8.94 18.49 16.35
1.00 1.50 6.17 6.06 4.68 6.82 6.98 6.39 7.16 6.81
1.00 3.00 1.22 2.12 1.28 2.59 2.72 2.60 1.25 1.26
1.50 0.50 41.23 4.46 5.90 5.28 5.30 4.31 97.30 45.61
1.50 0.75 56.01 5.70 10.86 6.09 6.12 6.01 73.23 60.19
1.50 0.95 28.69 6.24 10.28 6.15 6.21 6.68 26.60 25.54
1.50 1.00 23.36 6.26 9.45 6.17 6.23 6.70 21.99 20.33
1.50 1.05 18.98 6.22 8.71 6.18 6.23 6.64 18.53 16.79
1.50 1.10 15.51 6.15 7.90 6.17 6.23 6.56 15.69 13.73
1.50 1.25 9.05 5.71 5.80 6.04 6.15 6.04 10.02 8.45
1.50 1.50 4.51 4.79 3.73 5.36 5.50 5.04 5.18 4.60
1.50 3.00 1.20 2.07 1.26 2.53 2.64 2.52 1.23 1.24
3.00 0.50 2.07 2.73 1.94 2.73 2.85 2.75 2.88 2.26
3.00 0.75 2.70 2.86 2.24 2.71 2.83 2.99 2.53 2.61
3.00 0.95 2.63 2.91 2.31 2.73 2.84 3.05 2.42 2.45
3.00 1.00 2.56 2.91 2.30 2.74 2.84 3.06 2.39 2.40
3.00 1.05 2.50 2.91 2.29 2.74 2.85 3.05 2.34 2.32
3.00 1.10 2.43 2.91 2.26 2.75 2.86 3.05 2.33 2.28
3.00 1.25 2.23 2.88 2.17 2.78 2.88 3.01 2.25 2.07
3.00 1.50 1.91 2.79 1.95 2.82 2.93 2.91 2.05 1.87
3.00 3.00 1.14 1.86 1.19 2.23 2.34 2.20 1.17 1.17
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Table 4.5. (Continued) (ARL of Combined Schemes with In-Control ARL=370)
∆ δ SD DEWMA EWMAD2 Max Chart Max EWMA EWMA-SC
0.00 0.50 192.74 7.44 29.81 99.16 5.87 -
0.00 0.75 686.71 24.75 1453.60 475.55 37.19 -
0.00 0.95 564.04 325.66 839.40 547.75 406.54 1419.66
0.00 1.00 370.92 370.00 370.72 368.93 368.30 372.42
0.00 1.05 224.08 185.07 160.77 229.37 204.67 131.71
0.00 1.10 133.60 82.96 77.52 141.74 101.99 61.61
0.00 1.25 35.92 20.32 18.15 39.49 21.57 15.92
0.00 1.50 8.60 8.23 5.96 9.72 6.89 6.25
0.00 3.00 1.23 2.17 1.29 1.26 1.59 1.51
0.20 0.50 187.58 7.33 28.25 100.11 5.90 -
0.20 0.75 653.08 22.62 1172.17 469.40 36.97 -
0.20 0.95 500.83 146.92 653.50 491.69 259.54 1250.09
0.20 1.00 330.15 149.81 303.28 331.64 221.17 336.18
0.20 1.05 203.09 100.85 138.56 210.03 141.08 124.23
0.20 1.10 124.36 59.73 69.73 130.72 80.81 58.44
0.20 1.25 34.33 18.96 17.57 38.15 20.46 15.61
0.20 1.50 8.47 8.09 5.90 9.62 6.79 6.21
0.20 3.00 1.23 2.16 1.29 1.27 1.58 1.50
0.40 0.50 172.26 7.03 24.07 99.41 5.89 -
0.40 0.75 555.14 18.21 634.55 455.90 35.33 -
0.40 0.95 363.32 51.17 342.68 364.95 102.25 876.66
0.40 1.00 244.11 50.89 179.70 249.62 86.31 259.40
0.40 1.05 156.66 42.66 94.28 162.85 66.75 102.81
0.40 1.10 100.14 33.15 52.93 106.30 47.95 51.02
0.40 1.25 30.55 15.97 15.72 34.43 17.56 14.83
0.40 1.50 8.12 7.75 5.69 9.24 6.60 6.08
0.40 3.00 1.23 2.15 1.29 1.26 1.58 1.51
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Table 4.5. (Continued) (ARL of Combined Schemes with In-Control ARL=370)
∆ δ SD DEWMA EWMAD2 Max Chart Max EWMA EWMA-SC
0.60 0.50 150.29 6.59 18.92 99.55 5.87 -
0.60 0.75 424.71 14.09 262.92 423.24 29.08 -
0.60 0.95 237.00 24.67 150.08 239.32 42.04 520.57
0.60 1.00 164.59 24.47 92.10 166.23 37.48 176.63
0.60 1.05 110.56 22.64 56.57 113.84 32.60 77.38
0.60 1.10 74.55 20.17 36.12 78.67 27.30 41.67
0.60 1.25 25.62 12.85 13.47 29.02 14.22 13.66
0.60 1.50 7.57 7.23 5.41 8.63 6.27 5.89
0.60 3.00 1.22 2.15 1.29 1.26 1.58 1.50
1.00 0.50 95.71 5.58 10.93 99.22 5.80 -
1.00 0.75 192.52 8.74 43.35 267.42 12.82 -
1.00 0.95 90.37 10.81 33.08 89.02 12.66 145.53
1.00 1.00 67.49 10.79 26.52 66.11 12.28 67.89
1.00 1.05 49.50 10.57 21.14 50.04 11.76 38.31
1.00 1.10 37.04 10.17 16.85 38.13 11.22 24.98
1.00 1.25 16.37 8.49 9.29 18.61 8.83 10.86
1.00 1.50 6.17 6.06 4.68 7.11 5.37 5.39
1.00 3.00 1.22 2.12 1.28 1.25 1.57 1.49
1.50 0.50 41.23 4.46 5.90 96.03 4.85 -
1.50 0.75 56.01 5.70 10.86 73.52 5.87 -
1.50 0.95 28.69 6.24 10.28 26.76 5.85 33.42
1.50 1.00 23.36 6.26 9.45 22.11 5.85 22.73
1.50 1.05 18.98 6.22 8.71 18.29 5.80 16.77
1.50 1.10 15.51 6.15 7.90 15.70 5.74 13.13
1.50 1.25 9.05 5.71 5.80 9.96 5.37 7.80
1.50 1.50 4.51 4.79 3.73 5.22 4.26 4.63
1.50 3.00 1.20 2.07 1.26 1.23 1.55 1.47
3.00 0.50 2.07 2.73 1.94 2.88 2.20 -
3.00 0.75 2.70 2.86 2.24 2.54 2.29 -
3.00 0.95 2.63 2.91 2.31 2.40 2.33 4.47
3.00 1.00 2.56 2.91 2.30 2.38 2.35 4.25
3.00 1.05 2.50 2.91 2.29 2.35 2.35 4.05
3.00 1.10 2.43 2.91 2.26 2.34 2.36 3.85
3.00 1.25 2.23 2.88 2.17 2.25 2.37 3.35
3.00 1.50 1.91 2.79 1.95 2.06 2.35 2.75
3.00 3.00 1.14 1.86 1.19 1.17 1.44 1.37
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Table 4.6. Standard Deviations of the Average Run Lengths of Combined
Schemes with Respect to the Process Mean (µ0 +∆σ0/
√
n) and
Standard Deviation (δσ0). In-Control ARL = 250.
∆ δ SD DEWMA EWMAD2 CC EEr EEe SSr SSe
0.00 0.50 129.05 1.42 16.22 1.88 1.81 1.96 68.01 93.17
0.00 0.75 454.47 9.28 990.04 16.14 13.77 15.83 322.11 369.72
0.00 0.95 369.62 174.10 560.15 248.22 227.99 243.98 366.88 358.91
0.00 1.00 249.16 243.16 250.24 248.81 243.60 245.63 250.56 251.01
0.00 1.05 155.65 117.22 109.68 130.63 128.56 120.91 160.34 164.90
0.00 1.10 96.99 49.70 52.93 63.33 59.37 55.04 102.53 105.28
0.00 1.25 27.58 10.17 11.79 12.84 12.23 11.72 30.45 32.47
0.00 1.50 6.85 3.29 3.59 3.72 3.71 3.63 7.78 8.33
0.00 3.00 0.50 0.72 0.53 0.76 0.78 0.79 0.54 0.56
0.20 0.50 123.98 1.40 15.10 1.88 1.81 1.91 68.06 91.03
0.20 0.75 426.77 8.72 780.59 16.19 13.74 14.10 317.52 353.42
0.20 0.95 330.28 120.14 438.04 160.63 124.96 126.61 328.73 317.39
0.20 1.00 222.83 147.50 205.09 136.97 121.57 120.54 227.50 221.95
0.20 1.05 142.57 84.58 94.60 88.85 80.35 74.67 148.37 145.87
0.20 1.10 89.27 41.15 47.40 50.61 45.56 41.49 95.10 95.50
0.20 1.25 26.47 9.67 11.46 12.02 11.42 10.70 29.56 30.58
0.20 1.50 6.83 3.23 3.55 3.70 3.67 3.55 7.73 8.13
0.20 3.00 0.50 0.73 0.52 0.76 0.78 0.78 0.54 0.55
0.40 0.50 113.51 1.34 12.53 1.88 1.80 1.79 68.21 86.51
0.40 0.75 366.10 7.39 412.48 14.75 12.32 10.49 312.88 319.05
0.40 0.95 243.10 52.68 229.47 55.04 43.26 43.61 248.15 231.69
0.40 1.00 169.98 56.26 122.60 49.16 41.03 41.23 173.94 161.80
0.40 1.05 110.13 40.90 64.47 39.67 34.04 32.41 115.95 109.91
0.40 1.10 72.78 25.92 36.01 28.92 25.25 23.14 78.08 74.64
0.40 1.25 23.75 8.31 10.25 10.19 9.66 8.82 26.61 26.62
0.40 1.50 6.49 3.09 3.42 3.53 3.50 3.37 7.38 7.58
0.40 3.00 0.49 0.72 0.52 0.76 0.79 0.78 0.55 0.55
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Table 4.6. (Continued) (SDRL of Combined Schemes with In-Control ARL=250)
∆ δ SD DEWMA EWMAD2 CC EEr EEe SSr SSe
0.60 0.50 98.83 1.25 9.51 1.88 1.80 1.62 69.02 79.20
0.60 0.75 279.08 5.75 165.29 10.43 9.21 7.02 285.32 264.33
0.60 0.95 161.70 22.45 100.93 20.04 17.26 17.76 166.81 150.67
0.60 1.00 115.08 23.04 62.02 19.33 16.85 17.37 114.24 108.25
0.60 1.05 78.62 19.63 38.45 17.71 15.80 12.32 84.02 75.99
0.60 1.10 54.94 15.13 24.40 15.36 13.77 12.69 58.80 54.06
0.60 1.25 19.98 6.74 8.70 8.01 7.56 6.87 22.55 21.43
0.60 1.50 6.02 2.90 3.23 3.12 3.30 3.13 6.94 6.91
0.60 3.00 0.50 0.72 0.53 0.76 0.78 0.78 0.54 0.54
1.00 0.50 63.45 1.03 4.82 0.79 1.68 1.22 68.17 59.50
1.00 0.75 128.38 3.14 25.77 3.98 3.82 3.22 176.06 135.71
1.00 0.95 64.92 6.33 21.11 5.28 5.06 5.23 64.65 58.97
1.00 1.00 48.97 6.59 16.93 5.46 5.19 5.37 49.44 44.16
1.00 1.05 36.57 6.37 13.47 5.56 5.21 5.30 37.74 33.52
1.00 1.10 28.12 5.91 10.71 5.55 5.20 5.05 29.49 25.65
1.00 1.25 13.07 4.18 5.74 4.63 4.38 3.94 14.78 12.93
1.00 1.50 4.90 2.40 2.76 2.79 2.73 2.52 5.65 5.33
1.00 3.00 0.48 0.71 0.51 0.76 0.79 0.78 0.53 0.54
1.50 0.50 27.47 0.77 2.18 1.10 0.07 0.84 65.44 31.55
1.50 0.75 38.65 1.64 5.42 1.71 1.68 1.56 49.87 41.15
1.50 0.95 21.33 2.47 5.72 2.14 2.09 2.17 20.24 19.10
1.50 1.00 17.72 2.58 5.34 2.25 2.19 2.27 16.77 15.75
1.50 1.05 14.66 2.63 4.95 2.36 2.27 2.33 14.28 12.99
1.50 1.10 12.15 2.64 4.53 2.44 2.35 2.33 12.19 10.78
1.50 1.25 7.17 2.40 3.37 2.51 2.45 2.23 7.94 6.73
1.50 1.50 3.52 1.81 2.14 2.09 2.07 1.83 4.09 3.59
1.50 3.00 0.46 0.70 0.50 0.76 0.79 0.78 0.50 0.51
3.00 0.50 1.15 0.45 0.55 0.51 0.50 0.50 1.72 1.28
3.00 0.75 1.76 0.54 0.80 0.56 0.56 0.56 1.64 1.70
3.00 0.95 1.76 0.69 0.97 0.64 0.64 0.65 1.59 1.61
3.00 1.00 1.72 0.72 0.99 0.66 0.66 0.68 1.59 1.59
3.00 1.05 1.67 0.75 1.01 0.69 0.68 0.70 1.57 1.53
3.00 1.10 1.64 0.78 1.03 0.71 0.71 0.72 1.55 1.49
3.00 1.25 1.46 0.83 1.03 0.79 0.78 0.77 1.50 1.35
3.00 1.50 1.19 0.86 0.97 0.92 0.91 0.83 1.32 1.14
3.00 3.00 0.38 0.64 0.43 0.74 0.77 0.72 0.42 0.42
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Table 4.6. (Continued) (SDRL of Combined Schemes with In-Control ARL=250)
∆ δ SD DEWMA EWMAD2 Max Chart Max EWMA EWMA-SC
0.00 0.50 129.05 1.42 16.22 67.75 2.46 -
0.00 0.75 454.47 9.28 990.04 323.41 32.29 -
0.00 0.95 369.62 174.10 560.15 362.73 280.16 823.59
0.00 1.00 249.16 243.16 250.24 248.76 245.98 246.41
0.00 1.05 155.65 117.22 109.68 160.27 144.20 93.70
0.00 1.10 96.99 49.70 52.93 101.44 75.92 43.64
0.00 1.25 27.58 10.17 11.79 30.51 16.19 9.90
0.00 1.50 6.85 3.29 3.59 7.77 4.15 3.08
0.00 3.00 0.50 0.72 0.53 0.54 0.64 0.61
0.20 0.50 123.98 1.40 15.10 68.10 2.45 -
0.20 0.75 426.77 8.72 780.59 315.63 32.06 -
0.20 0.95 330.28 120.14 438.04 325.78 193.01 732.18
0.20 1.00 222.83 147.50 205.09 226.25 161.34 222.08
0.20 1.05 142.57 84.58 94.60 146.61 105.55 87.74
0.20 1.10 89.27 41.15 47.40 94.26 61.88 41.91
0.20 1.25 26.47 9.67 11.46 29.31 15.14 9.69
0.20 1.50 6.83 3.23 3.55 7.63 4.07 3.06
0.20 3.00 0.50 0.73 0.52 0.53 0.64 0.61
0.40 0.50 113.51 1.34 12.53 68.38 2.46 -
0.40 0.75 366.10 7.39 412.48 306.80 30.29 -
0.40 0.95 243.10 52.68 229.47 245.10 83.96 531.69
0.40 1.00 169.98 56.26 122.60 171.34 70.00 176.65
0.40 1.05 110.13 40.90 64.47 115.48 53.50 73.53
0.40 1.10 72.78 25.92 36.01 77.81 37.92 36.35
0.40 1.25 23.75 8.31 10.25 26.54 12.91 9.09
0.40 1.50 6.49 3.09 3.42 7.33 3.87 2.99
0.40 3.00 0.49 0.72 0.52 0.54 0.63 0.61
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Table 4.6. (Continued) (SDRL of Combined Schemes with In-Control ARL=250)
∆ δ SD DEWMA EWMAD2 Max Chart Max EWMA EWMA-SC
0.60 0.50 98.83 1.25 9.51 67.77 2.46 -
0.60 0.75 279.08 5.75 165.29 282.44 24.03 -
0.60 0.95 161.70 22.45 100.93 164.16 35.40 329.43
0.60 1.00 115.08 23.04 62.02 117.74 30.68 123.27
0.60 1.05 78.62 19.63 38.45 82.61 26.13 55.60
0.60 1.10 54.94 15.13 24.40 58.20 21.28 29.19
0.60 1.25 19.98 6.74 8.70 22.45 10.04 8.24
0.60 1.50 6.02 2.90 3.23 6.86 3.57 2.88
0.60 3.00 0.50 0.72 0.53 0.54 0.63 0.60
1.00 0.50 63.45 1.03 4.82 67.93 2.31 -
1.00 0.75 128.38 3.14 25.77 174.54 8.45 -
1.00 0.95 64.92 6.33 21.11 64.12 8.76 101.48
1.00 1.00 48.97 6.59 16.93 48.73 8.41 49.33
1.00 1.05 36.57 6.37 13.47 37.56 8.11 26.98
1.00 1.00 28.12 5.91 10.71 29.30 7.57 16.68
1.00 1.25 13.07 4.18 5.74 14.56 5.50 6.15
1.00 1.50 4.90 2.40 2.76 5.67 2.89 2.58
1.00 3.00 0.48 0.71 0.51 0.53 0.62 0.60
1.50 0.50 27.47 0.77 2.18 64.50 1.40 -
1.50 0.75 38.65 1.64 5.42 49.38 2.48 486.66
1.50 0.95 21.33 2.47 5.72 19.97 2.87 23.16
1.50 1.00 17.72 2.58 5.34 16.63 2.92 14.99
1.50 1.05 14.66 2.63 4.95 14.38 2.96 10.50
1.50 1.10 12.15 2.64 4.53 12.17 2.98 7.70
1.50 1.25 7.17 2.40 3.37 7.88 2.82 4.04
1.50 1.50 3.52 1.81 2.14 4.09 2.08 2.13
1.50 3.00 0.46 0.70 0.50 0.51 0.61 0.59
3.00 0.50 1.15 0.45 0.55 1.71 0.28 2.72
3.00 0.75 1.76 0.54 0.80 1.64 0.48 2.05
3.00 0.95 1.76 0.69 0.97 1.58 0.62 1.68
3.00 1.00 1.72 0.72 0.99 1.58 0.66 1.61
3.00 1.05 1.67 0.75 1.01 1.58 0.69 1.55
3.00 1.10 1.64 0.78 1.03 1.54 0.72 1.49
3.00 1.25 1.46 0.83 1.03 1.49 0.81 1.32
3.00 1.50 1.19 0.86 0.97 1.34 0.88 1.13
3.00 3.00 0.38 0.64 0.43 0.42 0.54 0.52
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Table 4.7. Standard Deviations of the Average Run Lengths of Combined
Schemes with Respect to the Process Mean (µ0 +∆σ0/
√
n) and
Standard Deviation (δσ0). In-Control ARL = 370.
∆ δ SD DEWMA EWMAD2 CC EEr EEe SSr SSe
0.00 0.50 192.82 1.70 22.90 1.94 1.89 1.94 100.51 128.77
0.00 0.75 682.49 13.58 1446.47 17.54 15.42 15.71 478.04 525.23
0.00 0.95 562.56 313.17 839.90 398.34 319.42 299.66 550.97 521.25
0.00 1.00 373.15 362.93 367.20 361.88 369.04 368.55 370.05 373.22
0.00 1.05 223.18 176.04 156.06 178.87 176.68 175.14 225.82 235.70
0.00 1.10 133.21 72.90 72.94 79.66 74.09 71.52 140.30 146.02
0.00 1.25 35.50 12.91 14.23 14.42 13.65 13.20 39.38 41.71
0.00 1.50 8.08 3.84 3.93 3.95 3.91 3.90 9.23 10.06
0.00 3.00 0.53 0.79 0.55 0.79 0.81 0.80 0.57 0.61
0.20 0.50 187.19 1.66 21.45 1.96 1.89 1.90 100.23 127.30
0.20 0.75 652.32 11.94 1173.68 17.20 15.29 13.96 485.25 504.29
0.20 0.95 499.00 135.66 654.18 217.83 166.56 161.09 495.44 462.44
0.20 1.00 328.12 139.73 300.79 183.94 155.56 167.00 328.70 318.77
0.20 1.05 201.56 90.89 133.40 116.04 103.06 99.90 207.05 209.38
0.20 1.10 123.82 50.18 64.60 62.00 56.18 52.33 129.57 131.39
0.20 1.25 33.75 11.95 13.78 13.31 12.74 11.92 37.18 39.32
0.20 1.50 7.99 3.77 3.89 3.92 3.94 3.80 9.04 9.53
0.20 3.00 0.53 0.78 0.54 0.80 0.80 0.81 0.58 0.59
0.40 0.50 172.10 1.55 17.43 1.95 1.90 1.81 101.64 122.21
0.40 0.75 554.88 8.76 632.42 16.18 13.84 10.64 462.87 460.37
0.40 0.95 362.59 41.26 338.92 64.51 50.51 52.00 366.72 335.74
0.40 1.00 243.72 41.66 176.02 57.53 47.69 51.75 250.28 227.79
0.40 1.05 156.95 34.04 89.27 46.39 39.07 39.55 162.57 150.50
0.40 1.10 99.15 25.09 48.04 33.60 29.55 27.70 107.13 101.08
0.40 1.25 30.16 9.52 12.10 11.40 10.73 9.73 33.53 34.40
0.40 1.50 7.61 3.56 3.70 3.78 3.75 3.60 8.66 8.89
0.40 3.00 0.53 0.78 0.55 0.80 0.80 0.81 0.57 0.59
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Table 4.7. (Continued) (SDRL of Combined Schemes with In-Control ARL=370)
∆ δ SD DEWMA EWMAD2 CC EEr EEe SSr SSe
0.60 0.50 149.71 1.39 12.71 1.97 1.90 1.63 100.49 108.42
0.60 0.75 423.67 6.00 257.71 14.07 9.89 7.32 430.19 379.20
0.60 0.95 236.50 16.30 145.26 35.99 18.91 20.23 240.16 215.44
0.60 1.00 164.96 16.47 86.84 33.76 18.51 20.22 165.47 149.37
0.60 1.05 109.64 15.17 51.53 30.02 17.23 17.84 113.48 103.51
0.60 1.10 74.42 13.19 31.32 23.72 15.26 14.63 76.89 71.89
0.60 1.25 25.28 7.20 10.11 10.08 8.28 7.50 28.34 25.83
0.60 1.50 7.06 3.27 3.51 3.63 3.50 3.31 8.08 8.07
0.60 3.00 0.52 0.78 0.54 0.80 0.81 0.80 0.57 0.61
1.00 0.50 95.08 1.06 6.00 1.82 1.76 1.27 99.21 82.64
1.00 0.75 191.92 2.91 36.48 4.18 4.02 3.39 272.07 197.32
1.00 0.95 89.59 4.99 27.81 5.49 5.31 5.61 89.38 81.29
1.00 1.00 67.13 5.17 21.68 5.77 5.45 5.85 65.20 58.37
1.00 1.05 49.05 5.18 16.78 5.76 5.46 5.81 50.37 44.78
1.00 1.10 36.59 5.02 12.92 5.84 5.48 5.49 37.49 32.63
1.00 1.25 15.83 4.05 6.51 4.88 4.83 4.26 18.01 15.48
1.00 1.50 5.62 2.62 2.96 2.93 2.90 2.66 6.56 6.28
1.00 3.00 0.51 0.77 0.53 0.79 0.81 0.80 0.57 0.57
1.50 0.50 40.45 0.74 2.49 1.14 1.13 0.89 96.99 44.63
1.50 0.75 55.71 1.48 6.55 1.77 1.73 1.65 72.79 60.55
1.50 0.95 28.19 2.12 6.71 2.21 2.17 2.30 25.86 25.05
1.50 1.00 22.89 2.23 6.19 2.36 2.27 2.41 21.57 19.97
1.50 1.05 18.45 2.30 5.69 2.42 2.38 2.46 17.81 16.25
1.50 1.10 15.01 2.34 5.12 2.51 2.44 2.50 15.06 13.08
1.50 1.25 8.59 2.27 3.69 2.60 2.57 2.36 9.49 7.97
1.50 1.50 3.98 1.89 2.28 2.22 2.21 1.93 4.67 4.11
1.50 3.00 0.49 0.76 0.52 0.80 0.82 0.79 0.54 0.55
3.00 0.50 1.48 0.45 0.56 0.46 0.39 0.45 2.34 1.70
3.00 0.75 2.13 0.53 0.84 0.57 0.55 0.54 1.97 2.06
3.00 0.95 2.07 0.65 1.02 0.66 0.66 0.67 1.87 1.87
3.00 1.00 2.00 0.69 1.04 0.68 0.68 0.71 1.81 1.78
3.00 1.05 1.94 0.71 1.06 0.71 0.71 0.74 1.76 1.75
3.00 1.10 1.85 0.74 1.07 0.74 0.74 0.76 1.77 1.71
3.00 1.25 1.65 0.79 1.08 0.81 0.81 0.81 1.67 1.49
3.00 1.50 1.32 0.84 1.01 0.95 0.95 0.86 1.47 1.24
3.00 3.00 0.41 0.69 0.44 0.78 0.80 0.74 0.45 0.45
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Table 4.7. (Continued) (SDRL of Combined Schemes with In-Control ARL=370)
∆ δ SD DEWMA EWMAD2 Max Chart Max EWMA EWMA-SC
0.00 0.50 192.82 1.70 22.90 98.66 2.28 -
0.00 0.75 682.49 13.58 1446.47 477.38 31.59 -
0.00 0.95 562.56 313.17 839.90 549.32 403.52 1408.13
0.00 1.00 373.15 362.93 367.20 367.44 362.04 364.80
0.00 1.05 223.18 176.04 156.06 229.47 201.02 123.86
0.00 1.10 133.21 72.90 72.94 141.41 98.02 55.21
0.00 1.25 35.50 12.91 14.23 39.24 17.86 11.10
0.00 1.50 8.08 3.84 3.93 9.21 4.32 3.29
0.00 3.00 0.53 0.79 0.55 0.57 0.69 0.66
0.20 0.50 187.19 1.66 21.45 99.61 2.29 -
0.20 0.75 652.32 11.94 1173.68 469.94 31.39 -
0.20 0.95 499.00 135.66 654.18 493.47 253.59 1246.23
0.20 1.00 328.12 139.73 300.79 330.88 215.81 328.13
0.20 1.05 201.56 90.89 133.40 209.91 137.08 117.09
0.20 1.10 123.82 50.18 64.60 131.27 76.59 51.79
0.20 1.25 33.75 11.95 13.78 37.69 16.72 10.75
0.20 1.50 7.99 3.77 3.89 9.10 4.29 3.25
0.20 3.00 0.53 0.78 0.54 0.58 0.69 0.66
0.40 0.50 172.10 1.55 17.43 98.63 2.28 -
0.40 0.75 554.88 8.76 632.42 454.58 29.67 -
0.40 0.95 362.59 41.26 338.92 365.34 97.26 865.78
0.40 1.00 243.72 41.66 176.02 250.66 80.87 251.91
0.40 1.05 156.95 34.04 89.27 161.86 62.00 95.28
0.40 1.10 99.15 25.09 48.04 105.67 43.62 44.30
0.40 1.25 30.16 9.52 12.10 34.06 13.85 10.08
0.40 1.50 7.61 3.56 3.70 8.77 4.08 3.16
0.40 3.00 0.53 0.78 0.55 0.57 0.68 0.66
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Table 4.7. (Continued) (SDRL of Combined Schemes with In-Control ARL=370)
∆ δ SD DEWMA EWMAD2 Max Chart Max EWMA EWMA-SC
0.60 0.50 149.71 1.39 12.71 98.61 2.27 -
0.60 0.75 423.67 6.00 257.71 422.85 23.37 -
0.60 0.95 236.50 16.30 145.26 239.26 37.07 509.75
0.60 1.00 164.96 16.47 86.84 165.25 32.79 168.96
0.60 1.05 109.64 15.17 51.53 112.97 28.08 70.59
0.60 1.10 74.42 13.19 31.32 78.04 23.15 35.21
0.60 1.25 25.28 7.20 10.11 28.55 10.71 9.01
0.60 1.50 7.06 3.27 3.51 8.12 3.79 3.06
0.60 3.00 0.52 0.78 0.54 0.57 0.68 0.65
1.00 0.50 95.08 1.06 6.00 98.62 2.16 -
1.00 0.75 191.92 2.91 36.48 267.45 7.79 -
1.00 0.95 89.59 4.99 27.81 88.64 8.55 138.49
1.00 1.00 67.13 5.17 21.68 65.72 8.35 61.18
1.00 1.05 49.05 5.18 16.78 49.62 8.01 32.02
1.00 1.10 36.59 5.02 12.92 37.63 7.68 19.33
1.00 1.25 15.83 4.05 6.51 18.16 5.75 6.68
1.00 1.50 5.62 2.62 2.96 6.58 3.01 2.72
1.00 3.00 0.51 0.77 0.53 0.56 0.68 0.65
1.50 0.50 40.45 0.74 2.49 95.53 1.34 -
1.50 0.75 55.71 1.48 6.55 72.93 2.38 -
1.50 0.95 28.19 2.12 6.71 26.26 2.81 27.12
1.50 1.00 22.89 2.23 6.19 21.59 2.88 17.12
1.50 1.05 18.45 2.30 5.69 17.81 2.93 11.62
1.50 1.10 15.01 2.34 5.12 15.18 2.97 8.49
1.50 1.25 8.59 2.27 3.69 9.41 2.86 4.32
1.50 1.50 3.98 1.89 2.28 4.69 2.16 2.25
1.50 3.00 0.49 0.76 0.52 0.54 0.67 0.63
3.00 0.50 1.48 0.45 0.56 2.32 0.40 -
3.00 0.75 2.13 0.53 0.84 1.98 0.51 -
3.00 0.95 2.07 0.65 1.02 1.84 0.62 1.77
3.00 1.00 2.00 0.69 1.04 1.82 0.66 1.69
3.00 1.05 1.94 0.71 1.06 1.79 0.68 1.63
3.00 1.10 1.85 0.74 1.07 1.77 0.71 1.56
3.00 1.25 1.65 0.79 1.08 1.67 0.80 1.40
3.00 1.50 1.32 0.84 1.01 1.47 0.90 1.19
3.00 3.00 0.41 0.69 0.44 0.45 0.60 0.56
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Chapter 5. Applications
In this chapter, the three new joint monitoring schemes are applied to the
piston ring data and a simulated data. The simulated data consists of 50
samples each with sample size 5 is given in Table A.2 of the Appendix. The
first 30 samples of the simulated data were from N(0, 1) and the last 20
samples were from N(1, 2.25).
The SD scheme for the piston ring data and the simulated data are
constructed by plotting the statistics Dt against the sample number and
these are displayed in Figures 5.1 and 5.2 respectively. The UCL for both
of the schemes, for an in-control ARL of 370,. is 3.439. Individual SD plots
for the first and second 20 consecutive samples of the piston ring data are
displayed in Figures 5.3 and 5.4 respectively. Figure 5.1 shows that samples
37, 38 and 39 are out-of-control points and Figure 5.4 shows that these out-
of-control points are caused by a positive shift in mean. Figure 5.2 shows
that samples 44 and 46 are out-of-control points and Figure 5.5 shows that
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the sample 44 has a positive shift in both mean and variance but the sample
46 has the shift in variance alone.













































































































































Figure 5.1. SD Scheme for the Piston Ring Data. An Out-of-Control
Signal would be Issued at t = 37.




















































































































































































Figure 5.2. SD Scheme for the Simulated Data. An Out-of-Control Sig-











































































































































































































































































































































































































































































































Figure 5.3. Individual SD Plots for the First 20 Piston Ring Samples. The











































































































































































































































































































































































































































































































Figure 5.4. Individual SD Plots for the Last 20 Piston Ring Samples.
The Process is Out-of-Control by t=37, due to a Positive






































































































































































































































































































































































































































































































Figure 5.5. Individual SD Plots for the Last 20 Simulated Samples. The
Process is Out-of-Control by t=44, due to a Positive Shift in
the Mean and an Increase in Variance.
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The DEWMA scheme for the piston ring data is constructed by plotting
the statistics Rt against the sample number, as displayed in Figure 5.6.
This scheme is designed for an in-control ARL of 370 with minimum ARL
when there is one sigma shift in mean (∆ = 1) and 1.05 times shift in
standard deviation (δ = 1.05). The DEWMA scheme for the simulated data
is displayed in Figure 5.7. This scheme is designed for an in-control ARL
of 370 with minimum ARL when there is one sigma shift in mean (∆ = 1)
and 1.5 times shift in standard deviation (δ = 1.5). The individual DEWMA
plots for the first and second 20 consecutive samples of the piston ring data
are displayed in Figures 5.8 and 5.9 respectively. Figure 5.6 shows that all the
samples from sample number 37 onwards are out-of-control points and Figure
5.9 shows that these out-of-control points are caused by a positive shift in
mean. Figure 5.7 shows that all samples from sample number 33 onwards are
out-of-control points and Figure 5.10 shows that these out-of-control points
are mainly caused by positive shifts in both mean and variance.
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Figure 5.6. DEWMA Scheme for the Piston Ring Data. An Out-of-
Control Signal would be Issued at t = 37.





































































Figure 5.7. DEWMA Scheme for the Simulated Data. An Out-of-Control





























































































































































































































































































































Figure 5.8. Individual DEWMA Plots for the First 20 Piston Ring Sam-





























































































































































































































































































































Figure 5.9. Individual DEWMA Plots for the Last 20 Piston Ring Sam-
ples. The Process is Out-of-Control by t=37, due to a Posi-




























































































































































































































































































































Figure 5.10. Individual DEWMA Plots for the Last 20 Simulated Sam-
ples. The Process is Out-of-Control by t=33, due to a Pos-
itive Shift in the Mean and an Increase in Variance.
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The EWMAD2 scheme for the piston ring data is constructed by plotting
the statistics At against the sample number and it is displayed in Figure
5.11. This scheme is designed for an in-control ARL of 370 with minimum
ARL when there is 1.5 times shift in the mean of D2t (β = 1.5). Figure 5.11
shows that all the samples from sample number 37 onwards are out-of-control
points. The EWMAD2 scheme for the simulated data is displayed in Figure
5.12. This scheme is designed for an in-control ARL of 370 with minimum
ARL when there is a 2 times shift in the mean of D2t (β = 2). Figure 5.12
shows that all samples from sample number 36 onwards are out-of-control
points except the sample numbers 40 and 42.




























































Figure 5.11. EWMAD2 Scheme for the Piston Ring Data. An Out-of-
Control Signal would be Issued at t = 37.
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Figure 5.12. EWMAD2 Scheme for the Simulated Data. An Out-of-
Control Signal would be Issued at t = 36.
In the DEWMA and EWMAD2 schemes the detection of the trend to-
wards an out of control signal is much clearer compare to the SD scheme. It
is because both DEWMA and EWMAD2 schemes are based on EWMA. It
could be observed when contrast Figure 5.1 to Figures 5.6 and 5.11. Sim-
ilarly so for contrasting Figure 5.2 to Figures 5.7 and 5.12. Note that this




Three ways of charting the variables Ut, representing the standardized sample
mean and Vt, representing the standardized sample variance for the purpose
of joint monitoring were discussed with respect to ease of implementation and
ease of interpretation. All three monitoring schemes use a circular control
region which makes visual interpretation easy. A big advantage of these
schemes is that the chart parameters are independent of the sample size
which gives more freedom to the quality engineers in selecting sample size.
Another advantage of this schemes is that the chart parameters are the same
for any process if the in-control ARL and the shifts to be detected are the
same. For example the chart parameters for a process with N (25, 3) with
sample size 5 and for a process with N (200, 10) with the sample size 10
are the same if the in-control ARL and shifts in mean and variance to be
detected are the same.
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The SD scheme is the simplest joint monitoring scheme of the 3 newly
developed scheme presented in this thesis with one chart parameter (UCL)
that can be easily computed. However the SD scheme is less sensitive to small
shifts in the mean and variance compared to the DEWMA and EWMAD2
schemes. Average run length comparisons show that in general the DEWMA
scheme performs better than any of the other compared schemes when the
shifts in mean and variance are small. Therefore one could recommend the
DEWMA scheme extensively to detect the small shifts in mean and variance.
Unfortunately, none of the SD, DEWMA or EWMAD2 schemes pro-
vide a comprehensive statistic that highlights which characteristic (mean or
variance) gave rise to an out-of-control signal. In fact, a user would have
to construct individual monitoring plots to facilitate interpreting a signal.
Hence a natural improvement to these schemes involves developing a statis-
tic, that is similar to the monitoring statistic discussed in Chapter 2 but
provide information about when a process is out-of-control and what char-
acteristic let to the process giving out-of-control.
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Table A.1. Piston Ring Data (Montgomery, 1996). See Chapter 3 and 5.
t Xt1 Xt2 Xt3 Xt4 Xt5
1 74.030 74.002 74.019 73.992 74.008
2 73.995 73.992 74.001 74.011 74.004
3 73.988 74.024 74.021 74.005 74.002
4 74.002 73.996 73.993 74.015 74.009
5 73.992 74.007 74.015 73.989 74.014
6 74.009 73.994 73.997 73.985 73.993
7 73.995 74.006 73.994 74.000 74.005
8 73.985 74.003 73.993 74.015 73.988
9 74.008 73.995 74.009 74.005 74.004
10 73.998 74.000 73.990 74.007 73.995
11 73.994 73.998 73.994 73.995 73.990
12 74.004 74.000 74.007 74.000 73.996
13 73.983 74.002 73.998 73.997 74.012
14 74.006 73.967 73.994 74.000 73.984
15 74.012 74.014 73.998 73.999 74.007
16 74.000 73.984 74.005 73.998 73.996
17 73.994 74.012 73.986 74.005 74.007
18 74.006 74.010 74.018 74.003 74.000
19 73.984 74.002 74.003 74.005 73.997
20 74.000 74.010 74.013 74.020 74.003
21 73.988 74.001 74.009 74.005 73.996
22 74.004 73.999 73.990 74.006 74.009
23 74.010 73.989 73.990 74.009 74.014
24 74.015 74.008 73.993 74.000 74.010
25 73.982 73.984 73.995 74.017 74.013
26 74.012 74.015 74.030 73.986 74.000
27 73.995 74.010 73.990 74.015 74.001
28 73.987 73.999 73.985 74.000 73.990
29 74.008 74.010 74.003 73.991 74.006
30 74.003 74.000 74.001 73.986 73.997
31 73.994 74.003 74.015 74.020 74.004
32 74.008 74.002 74.018 73.995 74.005
33 74.001 74.004 73.990 73.996 73.998
34 74.015 74.000 74.016 74.025 74.000
35 74.030 74.005 74.000 74.016 74.012
36 74.001 73.990 73.995 74.010 74.024
37 74.015 74.020 74.024 74.005 74.019
38 74.035 74.010 74.012 74.015 74.026
39 74.017 74.013 74.036 74.025 74.026
40 74.010 74.005 74.029 74.000 74.020
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Table A.2. Simulated Data. See Chapter 5.
t Xt1 Xt2 Xt3 Xt4 Xt5
1 -1.100 -0.374 0.580 -2.383 0.367
2 -1.087 1.166 -0.350 -0.401 -0.308
3 0.449 -0.010 0.054 -0.222 2.058
4 0.304 -0.513 0.570 -0.171 -2.270
5 -0.163 0.412 -0.511 0.339 0.350
6 0.223 -0.862 0.914 -0.767 -1.162
7 0.793 -0.095 -0.637 0.596 1.694
8 -0.243 -0.454 0.704 0.778 -0.238
9 0.097 0.771 -0.884 -1.044 -1.690
10 1.698 -0.547 -1.048 1.648 1.090
11 1.568 0.306 0.079 0.221 0.200
12 1.453 -1.044 -0.269 0.700 -1.148
13 0.239 -0.488 -0.699 -0.321 -0.063
14 1.878 -0.376 0.558 0.633 -0.178
15 -0.545 0.365 1.130 -0.158 0.132
16 -0.387 1.073 -2.639 -0.356 -1.629
17 -1.055 -1.032 -0.119 -0.255 -0.310
18 -0.640 1.593 -1.062 1.091 -0.517
19 1.776 0.193 1.838 -0.362 0.375
20 -1.262 0.975 -1.357 0.027 -0.542
21 0.399 -1.111 0.098 0.401 -1.203
22 0.008 -1.388 0.292 -1.426 1.513
23 1.169 -0.034 -0.359 0.656 1.667
24 1.345 0.310 -0.604 0.463 -0.869
25 -0.452 1.268 1.316 1.422 0.569
26 0.682 0.696 -0.495 -0.717 -0.590
27 -1.729 0.412 -1.152 -1.752 -0.006
28 0.448 0.623 -0.865 0.970 -0.159
29 -1.797 0.087 1.860 0.753 -0.546
30 -1.018 0.850 1.373 -0.583 0.993
31 0.022 1.221 1.111 1.730 0.476
32 0.060 -0.371 -0.341 3.579 0.070
33 -0.234 0.570 3.511 0.929 1.346
34 -0.503 -1.216 0.199 1.821 1.333
35 1.120 0.769 0.976 -0.028 3.324
36 2.738 -1.389 -0.299 -0.528 2.100
37 1.932 0.817 3.100 -1.592 0.120
38 0.032 1.220 -2.298 1.150 2.238
39 1.836 -0.282 0.363 -1.465 1.589
40 2.659 -1.170 0.145 0.730 -0.668
41 0.736 2.684 1.119 -1.267 2.109
42 1.162 0.180 1.946 0.138 -0.522
43 2.744 -1.009 2.175 0.969 0.860
44 4.023 0.056 -1.364 1.513 0.853
45 2.777 0.195 -0.053 -1.371 1.673
46 -3.235 0.706 -1.298 3.458 1.689
47 0.371 0.952 2.289 -1.636 0.226
48 2.100 0.975 2.400 1.989 -0.361
49 1.214 0.974 1.760 0.740 1.799
50 -0.509 0.371 2.498 1.081 2.145
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